We study the electric dipole moment (EDM) and the anomalous magnetic dipole moment (MDM) of the muon in the CP-violating Minimal Supersymmetric extension of the Standard Model (MSSM). We take into account the contributions from the chargino-and neutralino-mediated one-loop graphs and the dominant two-loop Higgs-mediated Barr-Zee diagrams. We improve earlier calculations by incorporating CP-violating Higgs-boson mixing effects and the resummed threshold corrections to the Yukawa couplings of the charged leptons as well as that of the bottom quark. The analytic correlation between the muon EDM and MDM is explicitly presented at one-and two-loop levels and, through several numerical examples, we illustrate its dependence on the source of the dominant contributions. We have implemented the analytic expressions for the muon EDM and MDM in an updated version of the public code CPsuperH2.0.
Introduction
The anomalous magnetic dipole moment of the muon, a µ , has provided one of the most sensitive test grounds for the validity of the Standard Model (SM) [1] : 
At the same time, it also provides an important constraint on new physics with precise SM predictions available. The SM prediction consists of QED, electroweak (EW), and hadronic contributions. The hadronic contribution is further decomposed into leading-order (LO) part and higher-order vacuum polarization (VP) and light-by-light (LBL) parts [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] * : 
Equations (1) and (2) suggest that there is currently a 3.7 σ discrepancy between the experimental result and the SM prediction, which can be attributed to possible contributions from physics beyond the SM † :
One of the most appealing scenarios for physics beyond the SM is augmented with a softly broken supersymmetry (SUSY) around the TeV scale. The supersymmetric contributions to a µ from such models are known up to dominant two-loop contributions. The one-loop results can be found in [19] [20] [21] [22] [23] [24] and the two-loop results in [25] [26] [27] [28] [29] [30] . It is wellknown that the dominant two-loop contribution comes from Higgs-mediated Barr-Zee diagrams [31] . The error associated with the known SUSY contributions is estimated to be ∼ 2.5 × 10 −10 [32] , which is smaller than half of the current experimental and SM theoretical ones. On the other hand, the SUSY augmented models can contain additional CP-violating phases beyond the SM Cabibbo-Kobayashi-Maskawa (CKM) phase leading to sizable EDMs [33] [34] [35] [36] . The current limit on the muon EDM [37] is |d µ | < 1.8 × 10
−19 e cm (95% C.L.) ,
which is much weaker than the constraints from the non-observation of the Thallium [38] , neutron [39] , and Mercury [40] EDMs:
|d Tl | < 9 × 10 −25 e cm , |d n | < 3 × 10 −26 e cm , |d Hg | < 2 × 10 −28 e cm . [2] . For the quoted value in Eq.(2) we use the results in [8] and [17] for the hadronic leading-order and the hadronic light-by-light contributions, respectively. [18] Nevertheless, if the muon EDM experiment in the future can achieve the projected sensitivity [41] 
(∼3)
the precision of the experiment will be comparable to that of the current Thallium EDM experiment.
In this paper, we study the correlation between the muon EDM and MDM in the CP-violating MSSM [30, 42] . We present the relation between the one-loop chargino-and neutralino-mediated EDM and MDM of the muon. We also derive an analytic relation between them in the two-loop contributions from the dominant Higgs-mediated Barr-Zee diagrams. We improve the earlier results by including CP-violating Higgs-boson mixing effects in the Barr-Zee diagrams and resumming the threshold corrections to the muon, tau, and bottom-quark Yukawa couplings in the one-and two-loop graphs. We then focus our numerical studies on three types of scenarios in which (i) the muon EDM and MDM are dominated by the one-loop contributions, (ii) the lightest Higgs boson is mostly CP odd and lighter than ∼ 50 GeV, and (iii) the dominant contributions to the muon EDM and MDM come from the two-loop Barr-Zee graphs.
For the presentation of our analytic results, we follow the conventions and notations of CPsuperH [43] , especially for the masses and mixing matrices of the neutral Higgs bosons and SUSY particles. The layout of the paper is as follows. Section 2 presents formulas relevant to the one-loop contributions to the muon EDM and MDM from chargino-and neutralino-mediated diagrams. Non-holomorphic threshold effects on the muon Yukawa coupling have been appropriately resummed. In Section 3, we present analytic results for the Higgs-mediated two-loop Barr-Zee diagrams. For this, most importantly, the resummed threshold corrections to the tau and bottom-quark Yukawa couplings and the CP-violating Higgs-boson mixing effects have been incorporated. In Section 4, we present some numerical examples, depending on the source of dominant contributions to the muon EDM and MDM. We summarize our findings in Section 5.
One-Loop EDMs and MDMs of charged leptons
The relevant interaction Lagrangian of the spin-1/2 lepton with EDM d l and MDM a l is given by
where
The EDM and MDM amplitudes are given by
Generic interactions of charginosχ 
The Lagrangian for the interactions of χ andl ′ 1,2 with the photon field A µ is
The diagrams in Fig. 1 induce the MDM and EDM of the lepton l as follows:
where 
We have checked that our analytic expressions for the one-loop MDM and EDM agree with those given in, for example, Ref. [23] and [36] with Qχ− 
and the neutralino-lepton-slepton couplings are given by
with T
There are non-holomorphic threshold corrections to the Yukawa couplings h l which appear in the chargino and neutralino couplings [44] [45] [46] . These corrections become significant at large tan β and we resum these effects by redefining the Yukawa couplings as follows:
In the presence of the CP phases, ∆ l takes the form [47] Together with the interaction Lagrangian for the couplings of the neutral-Higgs bosons and photon to charged leptons
(as in the CPsuperH convention), the Barr-Zee amplitude is given by
,
where again we keep only the terms linear in the external momenta. We note the numerator of the integrand is proportional to
We observe that the first term gives the MDM while the second one gives the EDM of the lepton l. Consequently, the Barr-Zee contributions to the MDM and EDM are related by
with normalizations of the MDM and EDM of the lepton l as given by Eq. (7). For the dipole moment diagrams with chirality flip inside the loop, the MDM and EDM parts correspond directly to real and imaginary parts of the overall amplitude. The above relation is a recasting of that statement in terms of the effective scalar and pseudoscalar couplings of the generally CP-mixed Higgs states involved. To give the MDM result explicitly, with
and the two-loop functions F (τ ), f (τ ), and g(τ ) are
For genuine SUSY contributions, the embedded SM contribution should be subtracted. We estimate the SM contributions as
‡ Here we add the contribution from the charged Higgs boson loop and confirm the positive signs of the fermionic Barr-Zee contributions [36] .
−11 when M H SM = 100 GeV and it decreases as M H SM increases. In our numerical analysis, we safely neglect (a l ) H SM .
Numerical Analysis
Adding up all the contributions considered in the previous sections and neglecting (a l ) H SM , the supersymmetric contribution to the muon MDM is given by [32] (
where the large QED logarithm takes into account the renormalization-group (RG) evolution of a µ from the SUSY scale down to the muon-mass scale. The logarithmic correction amounts to -7 % and -9 % for M SUSY = 100 GeV and 1000 GeV, respectively.
A typical scenario where 1 loop dominates
We first consider a typical scenario in which the dominant contributions come from the one-loop chargino and neutralino diagrams [32] . We set
The common scale M S and tan β are varied. For CP phases, we first consider the two values for Φ µ = 0 • or 180
• while taking vanishing CP phases for the gaugino mass and A parameters: Φ 1,2,3 = Φ A = 0
• . The remaining relevant parameters are fixed as
In Fig. 3 , we show the one-loop contributions from the chargino and neutralino diagrams (upper) and the two-loop contributions from the Barr-Zee graphs (lower) to the SUSY muon MDM as functions of M S for several values of tan β. The left frames are for Φ µ = 0
• and the right ones for Φ µ = 180
• . In both cases, the two-loop and one-loop contributions have same signs for most regions of M S . The one-loop and two-loop contributions drops rapidly as M S increases. The case of Φ µ = 0
• gives the correct sign and, for example, we have (a µ ) SUSY ×10 10 > ∼ 10 at M S = 500 GeV when tan β > ∼ 20. For Φ µ = 180
• , (a µ ) SUSY is negative and the considered regions of M S are not allowed because data prefers a positive a µ . Note that for tan β ≥ 30, the tan β-enhanced threshold corrections can turn the b-quark Yukawa coupling non-perturbative. This happens when M S (or |µ|) is sufficiently large, as for the case at hand. It is shown by the termination of the curves in the right panels of Fig. 3 . Our results are in good agreement with existing ones in literature. Figure 4 shows the SUSY muon MDM (upper) and EDM (lower) as functions of Φ 2 taking Φ 1 = 0
• (left) and 180
• (right). We have taken Φ µ = 0
• , M S = 250 GeV, tan β = 30, and the other parameters the same as in Fig. 3 . In both the MDM and EDM, we observe that the dominant contribution is coming from the one-loop chargino diagrams. The subleading contribution from the neutralino diagrams is about 5 to 10 times smaller and likely has an opposite sign with respect to the dominant chargino contribution. The contributions from the Higgs-mediated Barr-Zee diagrams are negligible. Numerically, we have −0.8 < (a µ ) H SUSY × 10 10 < 0.6 and |(d µ ) H | × 10 24 < ∼ 7 e cm. We clearly see the (shifted) cosine and sine functional forms of the MDM and EDM, respectively, as to be anticipated from the relations given in Eq. (11). In the upper frames, the horizontal band is the experimental 1-σ-allowed region, (30.7 ± 8.2) × 10 10 ; see Eq. (3). In the lower frames the region is overlayed with thick dots along the thick solid line. We note the chosen parameter set is compatible with the experimental data only for the non-trivial values of Φ 2 around 60
• and 300
• , resulting in large EDM of about ±5×10 −22 e cm, which can be easily observed once the projected sensitivity of 10 −24 can be achieved. 
. In each frame, the region left to the vertical line is excluded by data on Υ(1S) decay [50].

CPX scenario
Next we consider the CPX scenario [48] :
Taking A µ = A τ , we fixed Φ A = Φ 3 = 90
• , M SUSY = 0.5 TeV, |M 2 | = 2|M 1 | = 100 GeV with Φ 1,2 = 90
• , and ML 2 = MẼ 2 = M SUSY . For our analysis, the most relevant feature of the scenario is that the combined searches of the four LEP collaborations reported two allowed regions where the lightest Higgs boson H 1 can be very light for moderate values of 3 < ∼ tan β < ∼ 10 [49] :
On the other hand, a lower limit on the lightest Higgs boson, M H 1 > ∼ 8 GeV, is available from the bottomonium decay Υ(1S) → γH 1 [50] . Figure 5 shows (a µ ) SUSY and d µ in the CPX scenario as functions of M H 1 taking tan β = 10. When M H 1 < ∼ 50 GeV, the oneloop contributions to (a µ ) SUSY are negligible compared to the Higgs-mediated two-loop contributions. The sign of (a µ ) H SUSY is plus (+) since it is dominated by the bottom-quark and tau-lepton loops mediated by H 1 which is almost the CP odd state; see Eq. (25) . However, it is still difficult to achieve (a µ ) SUSY × 10 10 > ∼ + 10 only with a mostly CP-odd Higgs boson as light as ∼ 8 GeV. For the EDM, the one-and two-loop contributions are comparable and tend to cancel each other.
An extreme scenario
Finally, we consider a scenario in which the one-loop neutralino and chargino contributions are suppressed while the two-loop Barr-Zee contributions dominate. This scenario is characterized by large tan β, a light charged Higgs boson, very heavy smuons and muon sneutrinos, and very large |µ| and |A b ,τ | parameters. Explicitly, we have chosen 
while varying
where |A bτ | ≡ |A b | = |A τ | and we have taken A µ = A τ . Note |A t | is fixed in this scenario and the results are almost independent of Φ 1,2 . Figure 6 shows the regions where (a µ ) SUSY = 30.2 ± 8.8 (blue) and (a µ ) SUSY = 30.2±17.6 (blue+red) in the |A bτ | and |µ| plane for several values of Φ 3 , taking Φ A bτ = 180
• . The unshaded regions are not theoretically allowed and we have M H 1 < 100 GeV in the over-shaded regions (yellow), for example, in the upper-left corner in the upper-left frame. We found that H 1 is always lighter than 100 GeV when Φ 3 = 180
• (lower-left) because the resummed threshold corrections modify the bottom-quark Yukawa coupling significantly in this case. We note the region with larger |A bτ | is more preferred. Figure 7 shows the dependence on Φ A bτ of (a µ ) SUSY , d µ , and the masses of the lighter stau and the lightest Higgs boson. In the upper-left frame, the horizontal band is the experimental 1-σ region of ∆a EXP µ . We found 150
• can make (a µ ) SUSY consistent with the experimental value for |µ| = 10 TeV and 10.5 TeV, respectively. In the upper-right frame, the 1-σ region is overlayed with blank boxes along the dashed (|µ| = 10 TeV) and dash-dotted (|µ| = 10.5 TeV) lines. We have |d µ | × 10 24 < ∼ 120 e cm and d µ × 10 24 ∼ ±250 e cm for |µ| = 10 TeV and 10.5 TeV, respectively. We observe that the larger |µ| results in the lighter staus as shown in the lower-left frame. This leads to a larger (a µ ) SUSY as the dominant contribution in this case comes from the Higgs-mediated stau Barr-Zee graphs, as will be shown later. When |µ| = 5 TeV, H 1 becomes lighter than 100 GeV for Φ A bτ < ∼ 80
• and > ∼ 280
• , as shown in the lower-right frame. When |µ| ≥ 10 TeV, M H 1 > ∼ 108 GeV. lower frames we also show the dependence of the mass of the lighter stauτ 1 . Again we observe that large |µ| and |A bτ | can easily make (a µ ) SUSY consistent with the current ∆a EXP µ . Figure 9 shows various constituent as well as the total two-loop Barr-Zee contributions to the muon MDM (a µ ) H SUSY , as functions of |µ| taking |A bτ | = 40 TeV, Φ A bτ = 180
• and Φ 3 = 0
• . The thick line is for the total and the thin lines are for the constituent eight contributions (see Fig. 2 ). For smaller |µ|, the dominant contribution comes from the charged Higgs boson loop. This is because the H i -H + -H − couplings have loop-induced enhancement from large |A b | and |µ| [51] . The possibility of such a significant contribution of the (photon-)Barr-Zee diagram with a (closed) charged Higgs boson loop has apparently not been noticed before. In fact, the particular diagram is typically not included in analyses at more or less the same level of numerical precision to ours presented here. As |µ| grows, however, the contribution from the stau loops is enhanced and thus becomes dominant. The contribution from the sbottom loop is not significant because the resummed threshold corrections suppress the bottom-quark Yukawa coupling for the chosen parameter set. The scenario likely seems too contrived to some readers. However, we are presenting it here mainly to illustrate the significant roles of the various two-loop Barr-Zee contributions in some region of the parameter space. While the dominance of the latter group reduces as one moves away from the extreme corner of the parameter space, its significance maintains over a substantial region. For instance, we show the dependence of (a µ ) SUSY on ML 2 ,Ẽ 2 and |µ| in Fig. 10, i. e. the effect of bringing back the smuon mass from the heavy limit. In particular, the Higgs-mediated two-loop Barr-Zee contributions are shown to be actually dominate over the one-loop contributions even when the smuon mass parameters get down to as low as 1 TeV (left), for the full range of |µ| values (right). 
For the case of (d l ) χ , however, it is sensitive to the flavor dependence of the soft SUSY breaking terms. In most of the models on the origin of the soft SUSY breaking terms available in the literature, those of the first two generations are more or less the same. 
That does give us a relation
which is particularly sensitive to the CP phases of the A e and A µ parameters. To summarize, one may consider special cases with (i) similar or universal soft terms (for electron and muon) or (ii) electron EDM dominated by the two-loop Barr-Zee graphs, d e ∼ (d e ) H , possibly due to much heavier selectron masses. Depending on situations,
H is very strongly constrained by the Thallium EDM as
where we used m e /m µ = 1/213, d Tl ≃ −585 · d e and |d Tl | < 9 × 10 −25 e cm [38] . Note that these limits are model dependent and the muon EDM should be measured independently of the Thallium EDM.
Conclusions
We have studied in detail various supersymmetric contributions to muon MDM and EDM, including one-loop chargino and neutralino diagrams and dominant two-loop Barr-Zee diagrams. In general, the one-loop contributions dominate over the two-loop contributions, however there are interesting regions of the model parameter space where the two-loop Barr-Zee diagrams are the major source of contributions to muon MDM and/or EDM. The model parameter space is huge. It is not feasible for us to present and discuss here the numerical results for more than a few cases of interest. We try to pick cases that can illustrate the essential and interesting features, and leave it mostly to the readers to project onto the parameter space regions in between, or considered otherwise to be of special interest. We illustrate numerically 3 scenarios under various choices of soft parameters: (i) the one when the one-loop contributions dominate, (ii) the CPX in which the Barr-Zee dominates but the overall sizes of MDM and EDM are small, and (iii) a more exotic one in which the Barr-Zee dominates and the overall sizes of MDM and EDM are large. We have also shown interesting relations between the MDM and EDM. For the case when one-loop contributions dominate the MDM and EDM are just, respectively, the (shifted) cosines and sines of the phase of the parameters involved. Existing experimentally preferred range of MDM already predicts an interesting range of EDM, which can be further tested in the future muon EDM experiments. For the case the MDM is dominated by two-loop Barr-Zee contributions the MDM and EDM can be connected by the relation in Eq.(24) -a result of the more complicated Higgs sector phase structure.
The CPX scenario may still allow a light Higgs boson after taking into account all the existing search limits. Potentially, the light Higgs boson could give large enhancement to muon MDM. However, after imposing the lower limit on M H 1 the resulting MDM is always less than 5 × 10 −10 , which is smaller than the experimentally favored value.
The last scenario associated with large tan β, large |µ|, heavy smuons and muon sneutrinos, and large |A bτ | but light charged Higgs boson and stau is rather interesting. It suppresses the one-loop contributions but the two-loop contributions are large enough to explain the muon MDM data, which are dominated by charged Higgs boson and stau at smaller and larger |µ|, respectively. For large enough |µ| the MDM data can be accommodated easily. The particular interesting role of the charged Higgs boson escaped earlier studies. We have also illustrated that major features of the scenario persist over a region of the parameter space with milder conditions -in particular, more 'regular' smuon masses.
In addition, we offer the following comments.
1. We have included the threshold corrections to Yukawa couplings. In particular, the bottom-quark Yukawa can receive large corrections at large tan β with large |M 3 | and |µ|. For tan β > ∼ 30 the threshold corrections can make the b-quark Yukawa coupling turn non-perturbative when M S (or |µ|) is sufficiently large.
2. The one-loop contributions to MDM and EDM can vary as shifted cosines and sines of the phase of the parameters.
3. As shown in Fig. 4 , the prediction for EDM is of order 500 × 10 −24 e cm within the allowed range of MDM. It is about 2 − 3 orders of magnitude below the current limit, but will be within reach of future muon EDM experiments [41] .
4. The CPX scenario may still allow a H 1 as light as a few to tens of GeVs. It could be searched in the subsequent decay of the H 2 → H 1 H 1 , where H 2 is the SM-like Higgs boson. The contribution of H 1 to the muon EDM has a right sign but it may not be large enough to accommodate ∆a EXP µ after taking account of the constraint from the bottomonium decay Υ(1S) → γH 1 .
5. The last scenario that we studied is characterized by a very light stau, a light bino and wino, a light M H 1 , and a light charged Higgs boson. The predicted EDM is from 0 to 100 × 10 −24 e cm. Experimental searches for this scenario at the LHC will be a lot of tau leptons in the final state because of lightness of stau. 
1891E-23 ---------------------------------------------------------
The SUSY MDM of muon: -------------------------------------------------------- -------------------------------------------------------- 
